We propose to observe mechanical PT symmetry in the coupled optomechanical systems. In order to provide gain to one mechanical resonator and equivalent amount of damp to another, we drive the two optical cavities with a blue and a red detuned laser fields respectively. After adiabatically eliminating the freedom of the cavity modes, we develop a formalism for describing mechanical PT -symmetric system. Moreover, we discuss the experimental feasibility of our scheme and show that the observation of mechanical PT -symmetric transition in the coupled optomechanical systems is within the reach of resent experiments.
I. INTRODUCTION
In the standard quantum mechanics, in order to guarantee real energy spectrum and unitary time evolution, the Hamiltonian H of the system is required to be Hermitian. Several years ago, Bender et al. extended the standard quantum mechanics to the complex plane, then a complex quantum mechanics is builded with the axiom of Hermiticity replacing by the condition of space-time reflection (PT ) symmetry [1, 2] . As the PT operator is anti-linear, the eigenstates of H may or may not be eigenstates of PT operator, despite the fact that H and the PT operator commute [3] . It has been demonstrated that a threshold exists in the system, below which both H and the PT operators share the same set of eigenvectors and the spectrum is completely real; above which the eigenfunctions of H cease to be eigenfunctions of the PT operator, and the spectrum is no longer completely real and instead becomes complex. This threshold marks the boundary between the PT -symmetric and broken-symmetry phases. In the complex quantum mechanics, if the Hamiltonian H has an unbroken PT symmetry, then the spectrum is real and system have positive probabilities and unitary time evolution by constructing a new type of inner product [2] . Non-Hermitian PT -symmetric Hamiltonians play a significant role in complex quantum mechanics and quantum field theory (see, review [4] ).
Although the complex quantum mechanics based upon nonHermitian PT -symmetry is still debated, several experimental systems are proposed to test the PT symmetry in nonHermitian systems. Optical systems with complex refractive indices provide an appropriate platform for the observation of PT symmetry [5] [6] [7] , and the PT symmetry has been observed in several optical systems in the past few years, including two coupled waveguides [8] , photonic lattices [9, 10] , and microwave billiard [11] . Some interesting features such as non-reciprocal light propagation [8, 12] , double refraction [6] , absorption-enhanced transmission [13] , and unidirectional invisibility [10, 14] , are observed in the experiments. In addi- * Electronic address: liyong@csrc.ac.cn tion, PT symmetry also has been realized in the active LRC circuits [15, 16] . Recently, Bender et al. observed the PT phase transition in a simple mechanical systems [17] .
Optomechanical systems, in which mechanical resonators coupled to electromagnetic fields via radiation pressure or optical gradient force, have drawn much attention in the past decade for nonclassical states manipulation and their potential applications in quantum information processing (see, reviews [18] [19] [20] ). It has been theoretically studied and experimentally demonstrated that the motion of mechanical resonators in the optomichanical systems can be controlled by driven the optical cavity with a laser field. If the frequency of the laser field becomes lower than the cavity's resonant frequency, the motion of mechanical resonators can be suppressed and cooled down [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] . On the contrary, if the laser field is tuned above resonance, the motion of mechanical resonators will be enhanced and heated [39] [40] [41] [42] [43] [44] [45] [46] [47] [48] [49] [50] [51] [52] [53] [54] [55] [56] [57] . This control mechanism offers us a potential avenue to investigate mechanical PT symmetry in the coupled optomechanical systems.
In this paper, we propose to realize mechanical PT symmetry in the coupled optomechanical systems. Different with the simple mechanical systems [17] , the gain or damp of the mechanical resonators are controlled by driving the cavity with detuned laser fields. More important, this system is working in the micrometer scale, and our study may pave the way towards a class of mechanical PT -symmetric systems in the quantum regime [58] .
The paper is organized as follows: In Sec. II, the Hamiltonian of the coupled optomechanical systems is introduced and the PT -symmetric equations for the mechanical modes are derived. The mechanical PT -symmetric phase transition is shown in Sec. III. In Sec. IV, we discuss the experimental feasibility of our proposal and finally draw our conclusions.
II. MODEL AND PT -SYMMETRIC EQUATIONS
As shown in Fig. 1 , the coupled optomechanical systems consist of two optomechanical systems coupled through a harmonic force between the two movable mirrors [59] . The Here, κ i is cavity decay rate and γ i is the mechanical damping rate of the movable mirror. In order to solve the nonlinear dynamic equations, we can write the operators as the sum of the steady value and the time dependent terms: a i → α i + a i and q i → ξ i + q i , where α i and ξ i are the steady values of the system and satisfy the following equations:
In the strong external driven condition Ω i ≫ κ i , we assume that |α i | ≫ |a i |. After neglecting the nonlinear terms (e.g.
, the dynamic equations for the time dependent terms are given as
where
is the effective optomechanical coupling constant.
From Eqs. (15)- (20), we can derive the PT symmetric dynamic equations for the coupled mechanical resonators. Under the assumption that the cavities dynamic much faster than the effective optomechanical coupling κ i ≫ G i , we can adiabatically eliminate the cavity modes [60] (for details see Appendix A), then we find
are the radiation pressure induced frequency shift and gain (damp) [24, 25] . In the resolved-sideband regime ω i ≫ κ i and the adiabatic elimination conditions κ i ≫ G i , the frequency shift induced by radiation pressure is very small (δω i ≪ ω i ). If the external driven field are strongly enough, then the original mechanical damping rates will be much smaller than the radiation pressure induced gain (damp) γ i ≪ Γ i . After neglecting the frequency shift δω i and the original mechanical damp γ i , with PT requirements: γ eff = Γ 1 = Γ 2 and ω m = ω 1 = ω 2 , the dynamic equations for the coupled mechanical resonators are given as
Combining Eqs. (25) and (27); (26) and (28), we obtain
It is easy to check that the dynamic equations (Eqs. (25)- (28) or Eqs. (29)- (30)) are invariant under the PT transformation (i.e. P: the subscripts 1 ↔ 2; T : t → −t). Now, let us derive the threshold marking the boundary between the broken and unbroken PT -symmetric regimes. Eqs. (25)- (28) can be rewrite in a compacted matrix form as
where |Ψ = (q 1 , p 1 , q 2 , p 2 ) T , and
The eigenvalues of H eff are given as
As ω m ≫ J ∼ γ eff , in order to ensure that all the eigenvalues of H eff are real, the effective damping rate γ eff need to satisfy
This condition gives the PT -symmetric regime
with the PT -symmetric threshold
Eqs. (31) can be solved analytically by the bi-orthogonal basis approach [61] [62] [63] (for details see Appendix B). In the following, we are interested in dynamics of the mean value of the system, so treat the operators as c-numbers in the semiclassical approximation. 
III. MECHANICAL PT -SYMMETRIC PHASE TRANSITION
In this section, we will show the dynamic behaviour of the two mechanical resonators in the PT -symmetric and brokensymmetry regimes. Without loss of generality, we assume that (11)- (14), we find that:
. If the quality factor of the mechanical resonators are high (e.g. Q m ∼ 10 5 ) so that γ i ≪ Γ i , then we can ignore the original mechanical damp in the time scale that t ≪ 1/γ i .
First of all, we give the dynamic behaviour of the two mirrors in Fig. 2 by solving Eqs. (5)- (10) numerically in the case that the two mirrors are uncoupled to each other (J = 0) with initial conditions: q 1 = p 1 = q 2 = p 2 = 0. In Fig. 2(b) , as the right cavity (noted by 2) is driven by a laser resonant to the red sideband, the oscillation amplitude of the right mirror decreases exponentially with rate γ eff ≈ κ/100. On the contrary, the left cavity (noted by 1) is driven by a laser resonant to the blue sideband, then the oscillation amplitude of the left mirror increases exponentially with rate γ eff ≈ κ/100 until the gain saturate as shown in Fig. 2(a) . There are nonlinear terms in the dynamic equations (Eqs. (5)- (10)) that cause the saturation behaviours, and these terms become important as the increase of the oscillation amplitude of the mirror. The saturation behaviours have already been predicted theoretically [42] [43] [44] [45] [46] [47] [48] [49] [50] and observed experimentally [51] [52] [53] [54] [55] [56] [57] .
As adiabatic approximation we have used in the derivation, we expect that the mechanical PT -symmetric and brokensymmetric phases can be observed during the time interval 1/κ ≪ t ≪ 1/γ i . Before arriving this regime, there is a transient process for the mechanical resonators as shown in Fig. 3 , which are given by numerically solving Eqs. (5)- (10) with initial conditions: q 1 = p 1 = q 2 = p 2 = 0. It is clear that time of duration for the transient process is about the lift time of the cavity (e.g. t = 2π/κ), and the oscillation amplitudes of the mechanical resonators are about 0.5. In order to make the comparison of the results given by Eqs. (5)- (10) and by Eqs. (25)- (28) more convenient, we will solve Eqs. (5)- (10) with initial conditions: q 1 = p 1 = q 2 = p 2 = 0 and solve Eqs. (25)- (28) (or Eqs. (17)- (18) and (21)- (22)) with initial conditions: q 1 = q 2 = 0.5 and p 1 = p 2 = 0 in the following. Now let us investigate the dynamic behaviour of the two mirrors for the parameters in the PT -symmetric and brokensymmetry regime as shown in Fig. 4, where (a, c, e) are given by Eqs. (5)- (10) and (b, d, f) are given by Eqs. (25)- (28) . In Fig. 4(a, b) , as γ eff < 2J, the system is in the PT -symmetric regime. The two mirrors become two beat frequency oscillators with the beat frequency related to the differences of λ +
FIG. 5: (Color online)
The dynamic behaviour of the two mirrors q1 (red curve) and q2 (green curve) given by Eqs. (17)- (18) and (21)- (22) with γ eff = Γ1 = Γ2, ωm = ω1 = ω2, δωi = κ/8000, and J = 0.55γ eff . The other parameters are the same as given in Fig. 2. and λ − as shown in Eq. (34), and they are a litter out of phase with each other. In Fig. 4(c, d) , as γ eff ≈ 2J, the system is near the critical point for phase transition (still in the PTsymmetric regime), the oscillation amplitudes increase but the beat frequency becomes lower. In Fig. 4(e, f) , as γ eff > 2J, the system is in the broken PT -symmetric regime. The oscillation amplitude of the left mirror increases exponentially, and the oscillation amplitude of the right mirror also increases after an initial decreases.
As time goes on, the difference between Fig. 3 (a, c, e) and (b, d, f) becomes more significant. The differences mainly come from the frequency shift induced by radiation pressure δω i . In other words, the litter frequency shift will destroy the PT symmetry of the system. As we have mentioned that with the parameters in numerical calculation, the frequency shift δω i is about κ/8000. In Fig. 5 , we show the dynamic behaviour of the two mirrors by numerical solving Eqs. (17)- (18) and (21)- (22) by setting γ eff = Γ 1 = Γ 2 , ω m = ω 1 = ω 2 and δω i = κ/8000. The results are agree well with the figures given by Eqs. (5)- (10) as shown in Fig. 4(c) .
IV. DISCUSSIONS AND CONCLUSIONS
Let us now discuss the experimental feasibility for the observation of mechanical PT -symmetric transition in the coupled optomechanical system. In the calculation, we have assume that the parameters satisfy the following conditions: (i) the resolved-sideband condition, ω m = 10κ; (ii) weak optomechanical coupling, g = κ/100, G i = κ/20; (iii) strong driven condition, Ω = 50κ; (iv) resonant condition, ∆ 1 = −ω m , ∆ 2 = ω m ; (v) hight mechanical quality factor, γ i ≪ Γ i . Most of the parameters in the calculation are within the reach of the current technology. For example, the sideband cooling has been observed in many different types of optomechanical systems [28] [29] [30] [31] [32] [33] [34] [35] ; the optomechanical coupling constant has reach the level of g = 10 −2 κ and coherent mixing of mechanical excitations have been observed in the zipper cavity and double-disk cavity [64] [65] [66] [67] .
As the cavity fields decay much faster then the optomechanical coupling, the cavity field evolves adiabatically with the movable mirror. So the temporal behaviours of the coupled mirrors can be observed by measuring the density of the output cavity fields [68] . In order to observe the PT -symmetric and broken-symmetry behaviours, besides changing the coupling between the two mechanical resonator as shown above, we can also change the optical induced gain (damp) by tuning the amplitude of the driven field from weak to strong enough. As the driven field is weak, the optical induced mechanical gain (damp) is below the threshold of PT broken, so the system is in the PT -symmetric regime. With the enhance of the driven field, the optical induced mechanical gain (damp) will go beyond the critical point of the system, then the system comes to the broken-symmetry regime.
In conclusion, we have theoretically demonstrated that the coupled optomechanical system can be used to observe PT symmetry for mechanical freedom. By tuning the amplitude of the driven fields or the coupling constant between the mechanical resonators, we can observe the transition between the PT -symmetric and broken-symmetry phases. In the PT -symmetric regime, the two mirrors become two beat frequency oscillators. While in the broken PT -symmetric regime, the oscillation amplitude of the mirrors increases (or after an initial decreases) exponentially. Most of the parameters used in calculations are within the reach of the current technology, so we hope that our proposal can be realized in the near future. In this paper, quantum fluctuations and thermal excitation are not considered in the derivation. In the following work, we are going to develop a description of mechanical PT -symmetric systems by using full quantum theory [58] . Under the assumption that the cavities dynamic much faster than the effective optomechanical coupling κ i ≫ G i , we can adiabatically eliminate the cavity modes. As κ i ≫ γ i , b i dynamic much slowly than a i , so that we can take b i out of the integral and evaluate the integrals, then we find the approximate expressions of the cavity modes [60] ,
Substituting these expressions into Eqs. (19) and (20), then we find Eqs. (21) and (22) .
Appendix B: Bi-orthogonal basis approach
We are going to solve Eqs. (31) analytically by the biorthogonal basis approach [61] [62] [63] . In order to write these solutions in an explicit form, we use the engenstates (B1) The effective Hamiltonian H eff satisfy the eigenvalue equations
where |φ i and |ϕ i are called the bi-orthogonal basis, and they satisfy the bi-orthogonal relations
and generalized completeness relations
So we have the basis transform relations
with X n,i = n|φ i , Y n,i = n|ϕ i ,
and 
The dynamics of the oscillators are given as
q 2 (t) = n i c n 3|φ i e −iλit ϕ i |n ϕ i |φ i .
